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Abstrat
We derive general and omplete expressions for N -point tree-level amplitudes in
Type II string models with matter elds loalised at D-brane intersetions.
1 Introdution
Sine their disovery, and their subsequent relation to gauge theories, D-branes have
beome established as a entral element in the development of phenomenologially viable
string models. They failitate immediate and straightforward onstrution of models with
interesting gauge groups. However, the requirement of hirality in any physially realisti
model leads to a restrited number of possible D-brane set-ups. An important lass are
the interseting brane models [1, 2℄. This senario exploits the fat that hiral fermions
an arise at the intersetion of two branes at angles [3℄, hene the spetrum of fermions
is determined by the intersetion numbers of the D-branes whih wrap some ompat
spae. As a onsequene, a simple and rather attrative topologial explanation of family
repliation is obtained.
The interseting brane senario has been remarkably suessful in produing semi-
realisti models, for example, Refs. [1,4,5,6,7,8,9,10,11,12,13,14,15,16℄. Models similar
to the Standard Model an be obtained [17, 18, 19, 20, 21, 22, 23℄ and furthermore viable
onstrutions with N = 1 supersymmetry have been developed [24,25,26,27,28,29,30,31℄,
although this latter possibility is more diult to ahieve. A more detailed analysis of
the phenomenology of suh models is urrently in progress, for example [32, 33, 34, 35℄.
In partiular, omputations of Yukawa ouplings [36, 37℄ and avour hanging neutral
urrents [38℄ have been performed.
In this paper we generalise the methods used for the omputation of the three and
four point amplitudes in [39,40℄ to the ase of N-point amplitudes, In partiular, deriving
omplete expressions for both the lassial and quantum ontributions.
Our analysis will be based on the tehnology disussed in [41,42,43℄ for losed strings on
orbifolds. This is due to an analogy between twisted losed string states on orbifolds and
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open strings at brane intersetions. This analogy has been disussed previously in ref. [40℄
and will be briey reapped in our rst setion. We then proeed to a determination of
the lassial part of the general 4-point amplitude. This alulation is then generalised
to the N-point ase along with a presription for obtaining the wrapped ontributions
to the amplitude in the ase of toroidal geometry. Next, we use onformal eld theory
tehniques to evaluate the quantum ontribution to a general four point amplitude with
three independent angles. This alulation is then fully generalised in the determination
of the quantum ontribution to the N-point tree level amplitude. As a onsisteny hek,
we proeed to demonstrate that the (N−1)-point amplitude an be obtained as a limiting
ase of the N-point amplitude.
Finally, as an example of the appliation of our results, we analyse the situation of four
independent sets of branes. In partiular, we disuss the relevant proess qLqR → eLeR
whih, depending on the D-brane geometry, is a purely stringy eet, or has a eld theory
limit orresponding to a Higgs exhange. In the latter ase, we extrat the Higgs pole
and determine the mass of the Higgs purely from the four point amplitude. Throughout
this work we will fous on the ase of D6-branes wrapping the ompat internal spae
T 2 × T 2 × T 2, however, our results are easily adapted to other ases.
2 Closed and open string twisted states
Let us begin by briey reviewing the analogy between losed strings on oribfolds and open
strings at D-brane intersetions. This analogy allows us to employ the CFT tehniques
developed in [42, 41℄, whih forms a basis for our analysis.
An open string strethed between two D-branes interseting at an angle πϑ, as depited
in gure 1, has the boundary onditions,
∂τX
2(0) = ∂σX
1(0) = 0,
∂τX
1(π) + ∂τX
2(π) cot(πϑ) = 0,
∂σX
2(π)− ∂σX1(π) cot(πϑ) = 0.
(1)
Thus we an determine the holomorphi solutions to the string equation of motion to be,
∂X(z) =
∑
k αk−ϑz
−k+ϑ−1,
∂X¯(z) =
∑
k α¯k+ϑz
−k−ϑ−1,
(2)
where z = −eτ−iσ is the worldsheet oordinate and has domain the upper-half omplex
plane. This domain is extended to the entire omplex plane using the `doubling trik',
i.e. we dene,
∂X(z) =
{
∂X(z) Im(z) ≥ 0
∂¯X¯(z¯) Im(z) < 0
, (3)
and similarly for ∂X¯(z).
Now the mode expansion of a losed string state in the presene of a ZN orbifold
twist eld, is idential to (2) with the replaement ϑ = 1
N
. Hene, we see that there is a
natural orrespondene between open strings strethed between interseting branes and
a twisted losed string state on an orbifold. To take aount of this orrespondene, we
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Figure 1: A `twisted' open string state
must introdue a twist eld σϑ(w, w¯) for the open string, this eld hanges the boundary
onditions of X to be those of eq.(1), where the intersetion point of the two D-branes is
at X(w, w¯). Proeeding as in the losed string ase we obtain the OPEs,
∂X(z)σϑ(w, w¯) ∼ (z − w)−(1−ϑ)τϑ(w, w¯),
∂X¯(z)σϑ(w, w¯) ∼ (z − w)−ϑτ ′ϑ(w, w¯),
(4)
where τ ′ϑ and τϑ are exited twist elds. The loal monodromy onditions for transporta-
tion around σϑ(w, w¯) are simply determined from the OPEs to be,
∂X(e2pii(z − w)) = e2piiϑ∂X(z − w),
∂X¯(e2pii(z − w)) = e−2piiϑ∂X¯(z − w). (5)
The mode expansion for X is then,
X(z, z¯) =
√
α′
2
∑
k
(
αk−ϑ
k − ϑz
−k+ϑ +
α˜k+ϑ
k + ϑ
z¯−k−ϑ
)
, (6)
with the right and left moving modes being mapped into upper and lower half planes. A
similar mode expansion is obtained for the fermions with the obvious addition of
1
2
to the
boundary onditions for NS setors.
The orrespondene with twisted states on orbifolds (or onifolds) an be seen ge-
ometrially as in gure 2. This gure shows two idential three point diagrams whih
are sewn together at their edges. An open string living at the intersetion is dou-
bled up to form a twisted losed string. As a result we expet to reover the famous
open string ∼ √losed string relation. However, we also note that the intersetion angles
in this ase are more general than the rather restritive ones found in supersymmetri
orbifolds of losed strings.
3
Figure 2: Identifying open strings to form losed strings
3 The lassial part of the N-point funtion
We now proeed to an analysis of the N -point funtion for string states loalised at N
distint D-brane intersetions. We assume the N D-branes form the boundary of an
N-sided polygon, with verties fi and interior angles πϑi suh that,
N∑
i=1
ϑi = N − 2. (7)
The D-brane interseting fi and fi+1 is labelled the i
th
D-brane. We will onsider two
distint ases for our ompatiation spae M,
• planar, M = R2 × R2 × R2,
• and toroidal, M = T2 × T2 × T2.
The planar ase is useful for illustrating the methods used in the omputation without
adding extra ompliation, and furthermore, will turn out to give the leading order on-
tribution in the more realisti toroidal senario. Due to our hoie of M , the amplitude
an be fatorised into a produt of three idential ontributions, one from eah of the
three subfators (i.e. R2 or T2). In the following, we will therefore onentrate on the
ontribution from one suh subfator.
We denote the spaetime oordinates for a partiular subfator by X = X1 + iX2
and X¯ = X1 − iX2. The bosoni eld X an be split up into a lassial piee, Xcl, and
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a quantum utuation, Xqu. The amplitude then fatorises into lassial and quantum
omponents,
Z =
∑
〈Xcl〉
e−SclZqu, (8)
where,
Scl =
1
4πα
(∫
d2z(∂Xcl∂¯X¯cl + ∂¯Xcl∂X¯cl)
)
. (9)
Xcl must satisfy the string equation of motion and possess the orret asymptoti be-
haviour near the polygon verties.
3.1 Determining the lassial 4-point funtion for the plane
Before disussing the alulation of the lassial ontribution to the general N-point am-
plitude, let us rst onsider the simpler four point ase. The 4-point funtion requires
4 twist operators, σϑi(zi, z¯i), one for eah polygon vertex or D-brane intersetion. These
twist operators are attahed to the boundary of the tree-level dis diagram whih an be
onformally mapped to the upper-half plane. Hene, using SL(2,R) invariane we set
z1 = 0, z2 = x2, z3 = 1 and z4 = x∞. The lassial solution, ∂Xcl, is determined up to a
normalisation onstant by its holomorphiity and asymptoti behaviour at eah D-brane
intersetion, whih is given by the OPEs (4). Thus,
∂Xcl(z) = aω(z), ∂X¯cl(z) = a¯ω
′(z),
∂¯Xcl(z¯) = bω¯
′(z¯), ∂¯X¯cl(z¯) = b¯ω¯(z¯),
(10)
where,
ω(z) =
∏4
i=1(z − xi)−(1−ϑi) ω′(z) =
∏4
i=1(z − xi)−ϑi, (11)
and a, a¯, b, b¯ ∈ C are normalisation onstants. Using the doubling trik to dene ∂Xcl on
the entire omplex plane, we require a∗ = b¯ and a¯ = b∗ (upto a phase).
The normalisation of the lassial solutions are determined from the global monodromy
onditions, i.e. the transformation of X as it is transported around more than one twist
operator, suh that the net twist is zero. We determine this from the ation of a single
twist operator, σϑ(w, w¯), whih in the planar ase ats to transform X(z, z¯) as,
X(e2piiz, e−2piiz) = e2piiϑX + (1− e2piiϑ)f, (12)
where f is the intersetion point of the two D-branes. This an be seen from the loal mon-
odromy onditions (5) and the fat that f must be left invariant. The global monodromy
of X is then simply a produt of suh ations. Note, if we split X up into a lassial and
quantum part, then the lassial eld should have exatly the same behaviour as the full
eld. Hene, the boundary onditions for Xqu ignores the shift (1− e2piiϑ)f leaving,
Xqu(e
2piiz, e−2piiz) = e2piiϑXqu. (13)
For the 4-point ase, there exists 2 independent ontours, Ci, i = 1, 2, with net twist
zero. Eah Ci is a Pohammer loop, whih is illustrated in gure 3. The 2 independent
5
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Figure 3: The Pohammer loop Ci with net twist zero, branh uts lie along the dashed
lines.
global monodromy onditions for the lassial eld are,
∆CiXcl = e
−pii(ϑi−ϑi+1)4 sin(πϑi) sin(πϑi+1)(fi+1 − fi) =
∮
Ci
dz∂Xcl(z) +
∮
Ci
dz∂¯Xcl(z¯).
(14)
The ontour integrals required an be written as,∮
Ci
dzω(z) = e−pii(ϑi−ϑi+1)4 sin(πϑi) sin(πϑi+1)Fi,∮
Ci
dz¯ω¯′(z¯) = e−pii(ϑi−ϑi+1)4 sin(πϑi) sin(πϑi+1)F¯
′
i ,
(15)
where,
Fi =
∫ xi+1
xi
∏4
j=1(y − xj)−(1−ϑj)dy F ′i =
∫ xi+1
xi
∏4
j=1(y − xj)−ϑjdy. (16)
Hene (14) an be simplied to,
aFi + bF¯
′
i = fi+1 − fi i = 1, 2. (17)
Using these onditions we an determine a and b. Construt the lassial solutions ∂Xcl,1
and ∂Xcl,2, with oeients αi, βi as in (10) and whih have the simple global monodromy,
αiFj + βiF¯
′
j = δij , i, j = 1, 2. (18)
Then,
α1 =
F¯ ′2
F1F¯ ′2−F2F¯
′
1
, α2 = − F¯
′
1
F1F¯ ′2−F2F¯
′
1
,
β1 = − F2F1F¯ ′2−F2F¯ ′1 , β2 =
F1
F1F¯ ′2−F2F¯
′
1
.
(19)
It follows, that to satisfy (17) for i = 1, 2, we require,
a = (f2 − f1)α1 + (f3 − f2)α2,
b = (f2 − f1)β1 + (f3 − f2)β2. (20)
Finally, using (9) and (10) the lassial ontribution to the 4-point funtion in the
planar ase is given by,
Scl(x2) =
1
4πα′
(|a|2I(x2) + |b|2I ′(x2)) , (21)
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where,
I(x2) =
∫
d2z|ω(z)|2 I ′(x2) =
∫
d2z|ω′(z)|2.
(22)
We now proeed to the generalisation of this alulation to the N-point ase.
3.2 Generalisation to the N-point funtion
The N-point funtion requires N twist operators, σϑi(xi), where x1 = 0, xN−1 = 1 and
xN = ∞. The lassial solution is again determined up to a normalisation onstant by
it's holomorphiity and asymptoti behaviour at eah D-brane intersetion. However, in
this ase we may generalise our expressions for the lassial solutions to,
∂Xcl(z) = aω(z), ∂X¯cl(z) = ρ(z)ω
′(z),
∂¯Xcl(z¯) = ρ¯(z¯)ω¯
′(z¯), ∂¯X¯cl(z¯) = a
∗ω¯(z¯),
(23)
where ρ(z) is a polynomial of degree p and,
ω(z) =
∏N
i=1(z − xi)−(1−ϑi) ω′(z) =
∏N
i=1(z − xi)−ϑi. (24)
This modiation obviously does not hange the asymptotis of Xcl at the D-brane inter-
setions. However, if we onsider the ontribution to Scl,∫
d2z∂¯Xcl∂X¯cl =
∫
d2z|ρ(z)|2|ω′(z)|2, (25)
we see that this onverges only if p ≤ N−4. Notie that for N = 4 the expressions in (23)
redue to those of our previous ase in (10). We an dene a useful basis for ρ(z) given
by,
ρi(z) =
N−2∏
j = 2
(j 6= i)
(z − xj), i = 2, .., N − 2. (26)
Our generalised lassial solutions an then be expressed in the form,
∂¯Xcl(z¯) = b
∗
i Ω¯
′i(z¯), ∂X¯cl(z) = biΩ
′i(z),
(27)
where,
Ω′i = ω′(z)ρi(z). (28)
In the N-point ase our lassial solutions require N − 2 normalisation onstants.
However, we now have N − 2 Pohammer loops, Cl, i = l, .., N − 2 to whih we an apply
the global monodromy ondition (14). The required ontour integrals are given by the
(N − 2)× (N − 2) matrix W il , dened by
W 1l =
∮
Cl
dzω(z) = e−ipi(ϑl−ϑl+1)4 sin(πϑl) sin(πϑl+1)F
1
l ,
W il =
∮
Cl
dz¯Ω¯′i(z¯) = e−ipi(ϑl−ϑl+1)4 sin(πϑl) sin(πϑl+1)F
i
l ,
(29)
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where,
F 1l =
∫ xl+1
xl
ω(y)dy,
F il =
∫ xl+1
xl
ω¯′(y)ρi(y)dy, i = 2, .., N − 2. (30)
Substituting into (14) we obtain the global monodromy onditions,
ciF
i
l = fl+1 − fl l = 1, .., N − 2, (31)
with ci = (a, b
∗
2, .., b
∗
N−2). So we now have N − 2 onditions for N − 2 onstants. Thus,
ci(x2, .., xN−2) =
N−2∑
l=1
(fl+1 − fl)(F−1)li. (32)
Finally, we determine the lassial ontribution to the N-point funtion in the planar
ase to be,
Scl(x2, .., xN−2) =
1
4πα′
(
|a|2I +
∑
i,j
b∗i bjI
′
i¯j
)
, (33)
where,
I(x2, .., xN−2) =
∫
d2z|ω(x)|2, I ′
i¯j
(x2, .., xN−2) =
∫
d2zΩ¯′i(z¯)Ω′j(z).
(34)
Note that, for N = 4 this redues to (21).
3.3 Determining the lassial N-point funtion for the torus
We next onsider the more phenomenologially interesting ase of M = T 2×T 2×T 2 and
show that our previous result is simply the leading order ontribution. Dene, T 2 = R2/Λ,
where Λ is a lattie with basis vetors vx = Rx(1, 0) and vy = Ry(0, 1). We denote by
(n,m) a non-trivial yle winding n times around the yle dened by vx and m times
around the yle dened by vy. The i
th
D-brane then wraps the yle (ni, mi) and the
number of intersetions with the jth D-brane is given by the intersetion number,
Iij = nimj − njmi. (35)
These yles gives rise to an innite number of polygons whih wrap the torus and on-
tribute to the N-point funtion. Our omputation will follow the same general methodol-
ogy desribed above, but with some important modiations.
On introdution of toroidal geometry, the ation of our twist operators must be gen-
eralised to not only rotate Xcl but also to shift by a lattie translation. Hene (12) is
modied to
X(e2piiz, e−2piiz) = e2piiϑX + (1− e2piiϑ)(f + v), (36)
where v ∈ Λ∗, a oset of Λ. It follows, that on integrating around Ci, the portion
of integration around eah vertex takes Xcl(z, z¯) from one D-brane to another, while
integrating between the two verties introdues a shift along the ith D-brane. Dene
~Li,i+1 to lie in the diretion fi+1 − fi, with magnitude the distane along the ith D-brane
between suessive opies of the (i + 1)th D-brane. Then the shift must be of the form
8
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Figure 4: Transporting Xcl around two twist elds
fi+1− fi+ vi where vi = qi|Ii,i+1|~Li,i+1 ∈ Λ∗, qi ∈ Z, as illustrated in gure 4. Suh lattie
shifts give rise to polygons wrapping the torus, and hene to further ontributions to the
N-point funtion. Note that, if the ith D-brane has D-branes whih run parallel to it, we
must modify our shift vetor to vi = qigcd({|Ik,i+1||k ∈ P (i)})~Li,i+1, where P (i) is the
set of all D-branes parallel to the ith D-brane and gcd stands for the greatest ommon
divisor.
The global monodromy onditions are now generalised to,
∆CiXcl = e
−pii(ϑi−ϑi+1)4 sin(πϑi) sin(πϑi+1)(fi+1−fi+vi) =
∮
Ci
dz∂Xcl(z)+
∮
Ci
dz∂¯Xcl(z¯).
(37)
Using the ontour integrals (29) we obtain,
ciF
i
l = fl+1 − fl + vl, l = 1, .., N − 2. (38)
Hene, we now have,
ci(x2, .., xN−2, q1, .., qN−2) =
N−2∑
l=1
(fl+1 − fl + v(l))(F−1)li. (39)
Our normalisation onstants are now dependent on the ql as well as the xi. The ql dene
the wrapped polygons, and take values determined by the intersetion numbers of the
D-branes.
To determine the wrapped polygons whih ontribute to the N-point amplitude, on-
sider extending (w.l.o.g) from vertex f2 as depited in gure 5. Closure of the polygon
requires,
N∑
i=1
vi = 0. (40)
Assuming there are no D-branes parallel to one another and substituting,
|Ii,i+1|~Li,i+1 = −(nivx +mivy), (41)
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Figure 5: Determining the wrapped polygons
into (40) we obtain the linear diophantine equations,
(
qNIN,N−1
qN−1IN,N−1
)
=
(
IN−1,1 . . . IN−1,N−2
I1,N . . . IN−2,N
) q1..
.
qN−2
 . (42)
We an now determine our wrapped polygons by extending from f2, taking all values of
qi, i = 1, .., N − 2 that allow for integer solutions to (42). Eah suh solution denes a
wrapped polygon ontributing to the N-point funtion. For example, onsider the N = 3
ase. Then (42) redues to,
q1I21 = q3I32, q2I21 = q3I13. (43)
The q1 and q2 whih allow for integer solutions are then of the form,
q1 =
l|I32|
gcd(|I21|,|I32|,|I13|)
, q2 =
l|I13|
gcd(|I21|,|I32|,|I13|)
,
(44)
where l ∈ Z. This reprodues the result found in [40, 39℄ for the wrapping ontributions
to Yukawa interations.
Unfortunately, it is not possible to solve (42) in the general ase, only for onrete
examples. This is due to the fat that diophantine equations are usually solved algorith-
mially, however, it is possible to make some general remarks. We require the following
result from linear algebra [44, 45℄,
THEOREM. Let A ∈Mm,n(Z). There exists L ∈ SLm(Z) and R ∈ SLn(Z) suh that,
LAR = D = diag(d1, d2, .., ds, 0, .., 0), (45)
where di > 0, i = 1, .., s and di|di+1, i = 1, .., s− 1.
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Denoting our diophantine matrix equation as b = Ax, we an therefore write our solution
as x = Ry where y is a solution to the diagonal system of equations, Dy = e, with e = Lb.
Sine A is of size 2 × (N − 2), we have in general two distint ases for the form of D,
orresponding to s = 1 and s = 2 above. However, our assumption of a onvex polygon
means that we only need to onsider the ase s = 2. This an be dedued from the fat
that the dimension of the row spae of A is the same as that of D. Hene, we have the
general solution,  q1..
.
qN−2
 = R

e1/d1
e2/d2
l1
.
.
.
lN−4
 , (46)
where li are free integer parameters and e1 and e2 are funtions of qN and qN−1. Unfor-
tunately, it is not possible to determine L and R for a general matrix A.
We an now write the lassial ontribution to the N-point funtion in the toroidal
ase as,
Zcl(x2, .., xN−2) =
∑
q1,.,qN−2
e−Scl(x2,..,xN−2,q1,..,qN−2), (47)
where,
Scl(x2, .., xN−2, q1, .., qN−2) =
1
4πα′
(
|a|2I(x2, .., xN−2) +
∑
i,j
b∗i bjI
′
i¯j(x2, .., xN−2)
)
. (48)
Note that we sum over N−2 variables orresponding to the N−2 independent sides of an
N-sided polygon and only inlude qi suh that (42) has a solution. This sum inorporates
all possible wrapped polygon ontributions to our lassial amplitude.
3.4 Expressing Scl in terms of FD
It is possible to express Scl solely in terms of generalised (type D Lauriella) hypergeomet-
ri funtions. This allows us to express N-point amplitudes in a more omputationally
friendly manner. Firstly, sine Scl is independent of x∞, we an drop the (y−x∞) fators
from I, I ′i¯j, and F
i
l i.e. they fator out from the integrals and anel. Next onsider,
I(x2, .., xN−2) =
∫ N−2∏
j=2
|z − xj |−2(1−ϑi)|z|−2(1−ϑ1)|z − 1|−2(1−ϑN−1)d2z. (49)
Using the method of [46℄ to relate open and losed string amplitudes, we an split up
the above integral into a produt of holomorphi and antiholomorphi ontour integrals.
Thus,
I(x2, .., xN−2) =
N−1∑
p=2
(−1)pα2,p|F 1p ||F 11 |+
N−2∑
j=2
j−1∑
p=0
(−1)j−(p+1)αp+1,j|F 1j ||F 1p |, (50)
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where αij = sin(π
∑j
l=i ϑl) and,
F 1N−1 =
∫ ∞
1
N−1∏
j=1
(y − xj)−(1−ϑj) F 10 =
∫ 0
−∞
N−1∏
j=1
(y − xj)−(1−ϑj). (51)
We an now relate eah F 1i to a type D Lauriella hypergeometri funtion. In par-
tiular, it an be easily seen that,
F 1i = e
ipiϑi(xi − xi+1)−1+ϑi+ϑi+1
N−1∏
j=1
(j 6=i,i+1)
(xi − xj)−(1−ϑj)B(ϑi, ϑi+1)
×F (N−3)D (ϑi, 1− ϑ1, .., 1− ϑi−1, 1− ϑi+2, .., 1− ϑN−1;ϑi + ϑi+1; x˜i,1, .., x˜i,i−1, x˜i,i+2, .., x˜i,N−1),
F 10 = e
−ipi(ϑN+1)B(ϑN , ϑ1)×
×F (N−3)D (ϑN , 1− ϑ2, .., 1− ϑN−2;ϑ1 + ϑN ; 1− x2, .., 1− xN−2),
F 1N−1 = B(ϑN , ϑN−1)F
(N−3)
D (ϑN , 1− ϑ2, .., 1− ϑN−2;ϑN + ϑN−1; x2, .., xN−2), (52)
where x˜ij =
xi−xi+1
xi−xj
and B(a, b) is the beta funtion. The I ′i¯j an also be treated as above.
These expressions provide us with a simpler handle on the lassial ontribution to
the N-point amplitude. Let us rst onsider the simple ase of N = 4. We will then see
that for general N and under ertain irumstanes, we an minimise the lassial ation
to the sum of the polygon areas in eah of the torus subfators.
3.5 The general four point amplitude
Consider a four point amplitude of the general type depited in gure 6. The above
expressions will enable us to express (21) and the extension to wrapped polygons more
expliitly. In this ase, Scl is simply a funtion of x2 and the wrapping numbers q1 and
q2, and our expressions for the F
1
i involve simple hypergeometri funtions of the form
2F1(a, b, c; x). From (52) we expliitly obtain,
F 10 = e
−ipi(1+ϑ4)B(ϑ4, ϑ1)2F1(ϑ4, 1− ϑ2, ϑ1 + ϑ4; 1− x2),
F 11 = e
−ipi(ϑ2+ϑ3)x−1+ϑ1+ϑ22 B(ϑ1, ϑ2)2F1(ϑ1, 1− ϑ3, ϑ1 + ϑ2; x2),
F 12 = e
−ipi(−1+ϑ3)(1− x2)−1+ϑ2+ϑ3B(ϑ2, ϑ3)2F1(ϑ3, 1− ϑ1, ϑ2 + ϑ3; 1− x2),
F 13 = B(ϑ4, ϑ3)2F1(ϑ4, 1− ϑ2, ϑ4 + ϑ3; x2).
(53)
Note that F 1i = Fi and F
2
i = F¯
′
i as dened in subsetion 3.1. We an relate F
1
0 and F
1
3 to
F1 and F2 as follows,
|F 10 | = sin(piϑ2)sin(piϑ1)(1−αβ) (|F2|+ β|F1|) ,
|F 13 | = sin(piϑ2)sin(piϑ3)(1−αβ) (|F1|+ α|F2|) ,
(54)
where,
α = − sin(pi(ϑ1+ϑ2))
sin(piϑ1)
, β = − sin(pi(ϑ2+ϑ3))
sin(piϑ3)
.
(55)
Substituting into (50) we obtain,
I(x2) =
sin(πϑ2)
1− αβ (β|F1|
2 + 2|F1||F2|+ α|F2|2). (56)
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 4 point diagram
Furthermore, for this simple ase, we an derive the relations,
|F ′1| = (1− x2)1−ϑ2−ϑ3x1−ϑ1−ϑ22 γ(|F1|+ α|F2|),
|F ′2| = (1− x2)1−ϑ2−ϑ3x1−ϑ1−ϑ22 γ(|F2|+ β|F1|),
(57)
where,
γ =
Γ(1− ϑ2)Γ(1− ϑ4)
Γ(ϑ1)Γ(ϑ3)
. (58)
Note that I ′ and F ′i are obtained from I and Fi by the substitution ϑi → 1 − ϑi. Hene,
I ′(x2) an now also be obtained in terms of |F1| and |F2| simply by letting ϑi → 1 − ϑi
in (56) and substituting in (57). We also require the expressions,
|a| =
(
v21|F ′2|+v32|F
′
1|
|F1||F ′2|+|F2||F
′
1
|
)
, |b| =
(
v32|F1|−v21|F2|
|F1||F ′2|+|F2||F
′
1
|
)
, (59)
where v21 = |f2 − f1 + v1| and v32 = |f3 − f2 + v2|. This allows us to obtain the following
ontribution to the lassial ation from a single T2,
ST2cl (τ, v21, v32) =
sin(πϑ2)
4πα′
(
((v21τ − v32)2 + γγ′(v21(β + τ) + v32(1 + ατ))2)
(β + 2τ + ατ 2)
)
, (60)
where τ(x2) =
∣∣∣F2F1 ∣∣∣ and γ′ is obtained from γ by the substitution ϑi → 1− ϑi.
The omplete expression for the ation is just a sum of these ontributions, one from
eah torus subfator, i.e.
Scl =
3∑
i=1
S
T i
2
cl (τ
i, vi21, v
i
32). (61)
Now, if there is only non-zero worldsheet area in one subtorus, or if the angles (and hene
τ i) and ratios of lengths are the same in every subtorus (i.e. the polygons are idential
up to a saling), we may use a saddle point approximation to minimise the omplete Scl.
The minimum of ST2cl is given by,
τmin =
v32
v21
, (62)
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and after some manipulation we nd,
ST2cl (τmin) =
1
2πα′
(
sin πϑ1 sin πϑ4
sin(πϑ1 + πϑ4)
v214
2
− sin πϑ2 sin πϑ3
sin(πϑ2 + πϑ3)
v223
2
)
. (63)
We reognize this as the area/2πα′ of the four-sided polygon. Note also that at this
minimum b = 0. Hene, in this ase, we see that Scl is minimised to the sum of the areas
of the quadrilaterals from eah T 2 subfator.
As we have seen, at the minimum of ST2cl for N = 4, b = 0 and we obtain the area of
the polygon involved in the interation. An analogous situation also ours in the three
point ase, where again b = 0 and the ation is the area of a triangle. Furthermore, it
seems intuitively obvious that for general N , the area of the worldsheet (i.e. Scl) has as
its minimum value the area of the polygon assoiated with the amplitude, provided only
one S
T i
2
cl is non-zero. That this is indeed the ase, and this ours when the bi = 0, an
be motivated as follows.
We an express Xcl as,
Xcl(z, z¯) = A+ a
∫ z N∏
i=1
((ζ − xi)−(1−ϑi)dζ + b∗l
∫ z¯ N∏
i=1
(ζ¯ − xi)−ϑiρl(ζ¯)dζ¯, (64)
with Xcl(xi) = fi and A ∈ C. The lower integration limits are left unspeied as they
aet only the value of A. Dierentiating gives ∂Xcl and ∂¯Xcl, as in setion 3.2. Note
that we expet Xcl to be, at least loally, one to one and hene if fj = fi we must have
xj = xi. Using (64) and Xcl(xi) = fi allows us immediately to obtain the relation,
clF
l
i = fi+1 − fi i = 1, .., N − 2, (65)
whih are simply the global monodromy onditions (31).
Now inserting bi = 0 in (64), we obtain a Shwarz-Christoel map. This is the general
form of a map from the upper-half omplex plane to an N-sided polygon. Hene, inte-
grating this over the omplex plane as in (48) just gives bak the area of the polygon as
the lassial ation. In summary, we have motivated the simple rule,
The minimum of the lassial ation equals the sum of the polygon areas pro-
jeted in eah T 2 when the non-zero polygons are the same up to an overall
saling.
From now on, in keeping with the literature on Shwarz-Christoel mappings, we will
refer to the xi as preverties.
3.6 Wrapping ontributions
To ompletely determine the lassial ontribution to the 4-point amplitude, we must
also inlude ontributions from polygons whih wrap the tori. We need to determine
what values of q1 and q2 to sum over to inlude all the wrapping ontributions to the
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amplitude. The integers qi we require are simply those whih allow for an integer solution
to the following system of two diophantine equations obtained from (42),(
q1I21
q2I21
)
=
(
I32 I42
I13 I14
)(
q3
q4
)
. (66)
For any xed q1 and q2 this solution is unique, sine the determinant of the above matrix
is non-zero. However, for the general ase it is not possible to solve this for our wrapped
polygons, sine as mentioned earlier a solution an only be generated algorithmially.
However, for the simplest b = 0 ases, we see that the the lassial part of any polygon
ontribution to an N-point amplitude is essentially e−
1
2piα′
A
, where A is the area of the
wrapped polygon in the relevant T 2 torus. Hene, the leading ontribution to the N-point
funtion omes from the smallest polygon. This is the single unwrapped polygon from
the planar ase orresponding to the trivial solution to (42), i.e. all qi = 0.
In the situation where we have D-branes whih are parallel, our diophantine equa-
tions (42) no longer apply. The neessary modiations an be easily determined by
substituting the generalised expression,
vi = qigcd({|Ik,i+1||k ∈ P (i)})~Li,i+1, (67)
into
∑
vj = 0. To illustrate this we onsider the following two ases.
3.6.1 One independent angle
Firstly, we onsider the simple ase of one independent angle as depited in gure 7. Here
we have two sets of parallel branes, the 1st and 3rd, and the 2nd and 4th. As before, losure
of the polygon results in the expression,
4∑
i=1
vi = 0. (68)
However, we now have,
vi = qigcd(|Ii,i+1|, |Ii+2,i+1|)~Li,i+1, (69)
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for i = 1, .., 4. If we dene ~Li,i−1 to lie in the diretion fi − fi+1, with magnitude the
distane along the ith brane between suessive (i−1)th branes, we obtain the the relation,
−|Ii,i−1|~Li,i−1 = |Ii,i+1|~Li,i+1 = −(nivx +mivy). (70)
Substituting (69) and (70) into (68), we obtain the intuitively obvious result q1 = q3 and
q2 = q4. Hene, when summing over wrapping ontributions we have a double sum as
determined previously in [40, 39℄.
3.6.2 Two independent angles
Next, we onsider the ase of two independent angles as shown in gure 8. This time we
have the 1st and 3rd branes parallel. Hene v1 and v3 are still given by (69), however now v2
and v3 are given by the `non-parallel' expression, vi = qi|Ii,i+1|~Li,i+1. Again, substituting
into (68) and simplifying using (70) we obtain,
q1A− q3A = q4I42, q2I12 = q4I41, (71)
where we have dened gcd(|I12|, |I23|) = a1|I12|+b1|I23| and A = a1I21+b1I32. The seond
expression requires,
q2 =
lI41
gcd(I12,I41)
, q4 =
lI12
gcd(I12,I41)
,
(72)
where l ∈ Z. Dening,
c(l) :=
lI12I42
gcd(I12, I41)
, (73)
we obtain an innite set of diophantine equations,
(q1 − q3)A = c(l), (74)
labelled by l. For a xed l, a solution to (74) exits if and only if A divides c(l). In whih
ase, we have an innite number of solutions given by,
q1 =
klI12I42
Agcd(I12,I41)
, q3 =
(−1+k)lI12I42
Agcd(I12,I41)
,
(75)
where k ∈ Z. Hene, our wrapped polygons are determined by extending from f2 using,
q1 =
klI12I42
Agcd(I12,I41)
, q2 =
lI41
gcd(I12,I41)
,
(76)
and summing over l, k ∈ Z suh that q1 ∈ Z.
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4 The quantum ontribution
4.1 General 4-point quantum ontribution
We now turn to the quantum ontribution to the amplitude, beginning in this subse-
tion with the generalization of the four fermion sattering amplitude to ases where four
independent branes interset at arbitrary angles. We wish to alulate the instanton
ontribution shown in gure 6.
This amplitude is given by a dis diagram with four fermioni vertex operators in the
−1/2 piture, V (a) on the boundary. The diagram an then be mapped to the upper half
plane with verties on the real axis by using the same Shwarz-Christoel mapping as
disusses earlier for the lassial ontribution. The positions of the verties (x1 . . . x4) will
eventually be xed by SL(2, R) invariane to 0, x, 1,∞ (where x is real), so that the 4
point ordered amplitude an be written
S4(1, 2, 3, 4) = (2π)
4δ4(
∑
a ka)A(1, 2, 3, 4)
= −i
gsl4s
∫ 1
0
dx〈V (1)(0, k1)V (2)(x, k2)V (3)(1, k3)V (4)(∞, k4)〉. (77)
To get the total amplitude we sum over all possible orderings;
Atotal(1, 2, 3, 4) = A(1, 2, 3, 4) + A(1, 3, 2, 4) + A(1, 2, 4, 3)
+ A(4, 3, 2, 1) + A(4, 2, 3, 1) + A(4, 3, 1, 2). (78)
The vertex operators for the fermions are of the form
V
(a)
i (xa, ka) = const λ
au(i)α S
α
i σϑie
−φ/2eika.X(xa). (79)
Here uα is the spae time spinor polarization, and S
α
is the so alled spin-twist operator
of the form
Sαi =
5∏
l=1
: exp(iqliHl) : (80)
where for D6 branes interseting at angles we have qli =
(±1
2
,±1
2
, ϑ1i − 12 , ϑ2i − 12 , ϑ3i − 12
)
,
with the relative sign of the rst two entries being determined by the heliity, and ϑm=1,2,3i
being the angles of the i′th intersetion in the m′th omplex plane. In what follows we will
frequently drop the m index when we onsider what is happening in a single sub-torus.
For future referene we an also identify the available salar elds at intersetion i oming
from the NS setor; their masses are
α′M2h =
1
2
(ϑ1i + ϑ
2
i − ϑ3i )
1
2
(ϑ1i − ϑ2i + ϑ3i )
1
2
(−ϑ1i + ϑ2i + ϑ3i )
1− 1
2
(ϑ1i + ϑ
2
i + ϑ
3
i ). (81)
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The spin elds have onformal dimension
hi =
q2i
2
. (82)
Here σϑi is the ϑ twist operator for the i
′
th vertex, with onformal dimension
hi =
1
2
ϑi.(1− ϑi). (83)
The evaluation of the expetation value of produts of vertex operators is straightforward
apart from the fator involving the bosoni twist operators. This alulation an be done
analogously to the losed string ase [42℄. In ontrast to the restrited ase disussed
in ref. [40℄ with only one or two independent angles, we need to signiantly modify
the tehniques however. In partiular in the general ase (with three independent an-
gles) the ontours required are the same Pohammer ontours disussed for the lassial
monodromy onditions.
We now outline the derivation. Consider the ontribution from a single omplex
dimension in whih the branes interset with angles ϑiπ where
∑
ϑi = 2 if there are no
intersetions. (Other topologies are possible. For example if there is a single intersetion
in the middle of the world-sheet we require
∑
i=left ϑi =
∑
i=right ϑi where left and right
indiate the verties on opposing sides of the intersetion.) We begin with the asymptoti
behaviour of the Green funtion in the viinity of the twist operators. Taking aount
of the world-sheet boundary by adding an image harge, the Green funtion an then be
written
G(z, w; zi) = g(z, w; zi) + g(z, w; zi) (84)
where g(z, w; zi) is the usual Green funtion for the losed string. It has the following
asymptotis
g(z, w; xi) ∼ 1
(z − w)2 + finite z → w
∼ 1
(z − xi)−ϑi z → xi
∼ 1
(w − xi)−(1−ϑi) w → xi
(85)
and as we have seen the holomorphi elds are proportional to
∂X(z) ≡ ω(z) =
∏
i
(z − xi)−(1−ϑi)
∂X(z) ≡ ω′(z) =
∏
i
(z − xi)−ϑi. (86)
so that this half of the Green funtion may now be written generially upto an additional
term usually denoted A;
g(z, w; zi) = ω(z)ω
′(w)
{∑
ij
aij
(z − xi)(z − xj)
(w − xi)(w − xj)
∏
k(w − xk)
(z − w)2 + A
}
(87)
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where ai<j and A are onstants. This is the most general funtion with the desired
onformal properties that an be written down as presribed in ref. [47℄. Expanding
in the various limits, we nd by inspetion that it has the required asymptotis if the
onstants satisfy ∑
i<j
aij = 1
4∑
j=i+1
aij +
i−1∑
j=1
aji = 1− ϑi . (88)
Note that summing the seond of these onditions over i and using the
∑
i(1 − ϑi) = 2
ondition automatially gives the rst ondition. Of ourse in the end any arbitrariness
in the hoie of aij and A must disappear from the amplitude whih must be dependent
on the ϑ′is only.
Continuing, we now determine the general form of 〈∏i σϑi〉 by onsidering
〈T (z)∏i σϑi〉
〈∏i σϑi〉 = limw→z[g(z, w)− 1(z − w)2 ]
= −1
2
∑
ij
ϑiϑj
1
(z − xi)(z − xj)
+
1
2
∑
i<j
aij
(
1
z − xi +
1
z − xj
)2
+
A∏
i(z − xi)
. (89)
and omparing it with the OPE of T (z) with the twist operator
T (z)σϑj (xi) ∼
hj
(z − xi)2 +
∂xiσϑj (x2)
(z − xi) + . . . (90)
The leading (z − xi)2 divergenes yield the orret onformal dimension of the twist
operators;
hi =
1
2
ϑi(1− ϑi).
Equating oeients of (z − xi)−1 (in order to preserve generality we postpone using
SL(2, R) invariane to x (x1, x2, x3, x4) = (0, x, 1, x∞) for the moment) yields a set of
dierential equations for 〈∏i σϑi〉 of the form
∂xk ln
[
〈
∏
i
σϑi〉
]
= ∂xk ln
[∏
i<j
(xi − xj)aij−(1−ϑi)(1−ϑj )
]
+
A∏
i 6=k(xk − xi)
. (91)
All that remains is to determine A whih an be done using monodromy onditions for
∂zX∂wX . We proeed as for the lassial alulation and onsider the global monodromy
onditions arising from the two independent Pohammer loops, Cl=1,2, enirling the pre-
verties xl and xl+1. From the loal monodromy onditions for Xqu given in (13), we see
that on ompleting these ontours the quantum part should be left invariant,
∆ClXqu = 0 =
∮
Cl
dz∂Xqu +
∮
Cl
dz∂Xqu. (92)
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We now use SL(2, R) invariane to x (x1, x2, x3, x4) = (0, x, 1, x∞). Taking the w →∞
limit, dividing by w′(w) and extrating the leading x∞ ontributions, the monodromy
ondition applied to the Green funtions,∮
Cl
dz g(z, w) +
∮
Cl
dz h(z, w) = 0 , (93)
gives
B
∮
Cl
w′(z)dz + A
∮
Cl
w(z)dz = x∞
∮
Cl
∑
i
ai4(z − xi)w(z)dz (94)
for both independent ontours Cl=1,2, where B is a onstant. Dening Gl =
∫
Fl(x)dx
and G′l =
∫
F ′l (x)dx we an solve for A;
x∞A = (1− ϑ4 − a24)x− a34 − (1− ϑ4)ϑ2
[
G1∂xG
′
2 −G2∂xG
′
1
]
/J. (95)
where
J = F1F ′2 − F2F ′1.
An alternative solution an be found by taking the z → ∞ limit of the monodromy
ondition and dividing by w(z);
x∞A = (ϑ4 − a13)x− a12 − (1− ϑ2)ϑ4
[
G′2∂xG1 −G′1∂xG2
]
/J. (96)
A dierent way to get the same result is to take the previous limits, but swap interior
for exterior angles. Now it is well known that integrals over the dierent Pohammer
ontours with integrands involving w(z) generate solutions to a partiular hypergeometri
dierential equation. In the present ase the required equation is that satised by the Gl
and G′l whih (using ∂xGl = Fl) an be written;
(1− ϑ4)ϑ2Gl = x(1 − x)∂Fl − (ϑ1 + ϑ2 − 1 + (ϑ4 − ϑ2)x)Fl
(1− ϑ2)ϑ4G′l = x(1 − x)∂F ′l + (ϑ1 + ϑ2 − 1 + (ϑ4 − ϑ2)x)F ′l (97)
Substituting into (95) and (96) and summing yields the desired expression for A;
2A
x∞x(1− x) = ∂x ln |J | −
a23 + a14
(1− x) −
a34 + a12
x
, (98)
where
|J | = |F1‖F ′2|+ |F2‖F ′1|.
We shall give a losed expression for this funtion (in terms of hypergeometri funtions)
shortly.
Finally, inserting (98) into (91), and using the relations in (88) gives
〈
∏
i
σϑi〉 = |J |−
1
2x−ϑ4(1−ϑ4)∞ x
1
2
(ϑ1+ϑ2−1)−ϑ1ϑ2(1− x) 12 (ϑ2+ϑ3−1)−ϑ2ϑ3 . (99)
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Note that as promised there is no arbitrariness in the hoie of aij . The funtion |J | may
be evaluated as;
|J | =(
x1−ϑ1−ϑ2
(1−x)1−ϑ2−ϑ3
Γ(1−ϑ1)Γ(ϑ3)
Γ(ϑ3+ϑ4)Γ(ϑ2+ϑ3) 2
F1[1− ϑ1, ϑ3, ϑ2 + ϑ3; 1− x] 2F1[1− ϑ1, ϑ3, ϑ3 + ϑ4; x]
+ (1−x)
1−ϑ2−ϑ3
x1−ϑ1−ϑ2
Γ(ϑ1)Γ(1−ϑ3)
Γ(ϑ1+ϑ2)Γ(ϑ1+ϑ4) 2
F1[ϑ1, 1− ϑ3, ϑ1 + ϑ4; 1− x] 2F1[ϑ1, 1− ϑ3, ϑ1 + ϑ2; x]
)
(100)
upto an overall fator that will be absorbed into the normalization [39℄, and where 2F1
are the standard hypergeometri funtions. This is for a sub-T2 torus of the ompatied
spae. The ontributions from the three omplex planes should be multiplied together
with the appropriate angles ϑmi for eah. As a hek, note that when there is only one
independent angle, ϑ1 = ϑ3 = ϑ and ϑ2 = ϑ4 = 1−ϑ the funtion redues to that found in
ref. [40℄. In addition we reover the result with two independent angles derived in ref. [39℄
by setting ϑ1 = 1 − ϑ2 and ϑ4 = 1 − ϑ3. Note that the funtion has rossing symmetry;
it is invariant under ϑ1 ↔ ϑ3 and x ↔ 1 − x. Finally note that the entire expression is
invariant if we swap interior for exterior angles, ϑi → 1− ϑi.
4.2 The quantum ontribution to N-point amplitudes
The same proedure an be arried out for N -point funtions following the tehniques in
ref [43℄ although here modied to the tree level ase. The Green funtion should take the
form
g(z, w; zi) = ω(z)ω
′(w)
{∑
ij
aij
(z − xi)(z − xj)
(w − xi)(w − xj)
∏
k(w − xk)
(z − w)2 + A(w)
}
(101)
where ai<j satises the same ondition as above, but now A(w) is a funtion of the form
A(w) =
∑
i>j>i′>j′
biji′j′
∏
k(w − xk)
(w − xi)(w − xj)(w − xi′)(w − xj′)
where biji′j′ are some oeients. (This funtion may look a little lobsided sine it does
not involve z, however this is merely a onsequene of the fat that the onformal weights
in γ(z) already add up to 2.) We an proeed by dening a basis for A(z) as we did for
dX previously;
A(z) =
N−2∑
i=2
di
N−2∏
j = 2
(j 6= i)
(z − zj) (102)
where zi is again the set of N − 3 preverties orresponding to the preverties that are
not eventually xed by SL(2, R) invariane. It is useful in what follows to dene
gs(z, w) = ω(z)ω
′(w)
∑
ij
aij
(z − xi)(z − xj)
(w − xi)(w − xj)
∏
k(w − xk)
(z − w)2 , (103)
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and h(z, w) as;
h(z, w) =
N−2∑
i,j=2
cijΩ
′i
(z)Ω′j(w) , (104)
where Ω′i(z) is given by (28). In order to write down a solution to the monodromy
onditions we again require the (N − 2) × (N − 2) matrix W il dened in (29), where l
labels the N − 2 independent Pohammer ontours. (As in the lassial ontribution,
these integrals will generate generalized hypergeometri funtions whih are solutions to
Appell-Lauriella systems of oupled dierential equations). With these denitions a
solution to the global monodromy onditions with g and h in the presribed form an
easily be written down as follows;
g(z, w) = gs(z, w)− ω(z)
N−2∑
l
(W−1)l1
∮
Cl
dy gs(y, w)
h(z, w) = −
N−2∑
i
Ω
′i
(z)
N−2∑
l
(W−1)li
∮
Cl
dy gs(y, w). (105)
We may now insert the expression for gs(z, w) and extrat the singular holomorphi be-
haviour at any one of the poles, zk, to nd the holomorphi ontribution;
∂xk ln
[
〈
∏
i
σϑi〉
]
= ∂xk ln
[∏
i′<j′
(xi′ − xj′)−(1−ϑi′ )(1−ϑj′ )
]
(106)
If we instead extrat the singular antiholomorphi behaviour near any one of the poles,
zk, (or alternatively, as in the four point ase, evaluate the holomorphi behaviour for the
diagram with interior and exterior angles reversed) we nd
∂xk ln
[
〈
∏
i
σϑi〉
]
= ∂xk ln
[∏
j 6=k
(xk − xj)1−ϑk
∏
i′<j′
(xi′ − xj′)−ϑi′ϑj′
]
−
N−2∑
l=1
(W−1)lk∂xkW
k
l .
(107)
Adding the two ontributions and rearranging we get the total ontribution;
∂xk ln [〈
∏
i σϑi〉] = ∂xk ln
[∏
j 6=k(xk − xj)
1−ϑk
2
∏
i′<j′(xi′ − xj′)
1
2
(ϑi′+ϑj′−1)−ϑi′ϑj′
]
−1
2
∑N−2
l=1 (W
−1)lk∂xkW
k
l .
(108)
All that remains is to evaluate the trailing term. In order to do this, following ref. [43℄,
we note that
∂xk ln |W | =
N−2∑
l=1
(W−1)lk∂xkW
k
l +
∑
j 6=k
N−2∑
l=1
(W−1)lj∂xkW
j
l . (109)
By omparing the singularities as z → zk we an evaluate the seond piee;∑
j 6=k
N−2∑
l=1
(W−1)lj∂xkW
j
l = ∂xk
∏
j 6=k
(xk − xj)
ϑk
2 . (110)
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Finally inserting this bak into eqn.108 we arrive at the desired expression for the quantum
ontribution;
〈
∏
i
σϑi〉 = |W |−
1
2
N−3∏
i<j
(xi − xj) 12
N∏
i<j
(xi − xj) 12 (ϑi+ϑj−1)−ϑiϑj . (111)
This is the main result of this setion. One may verify that when N = 4 it gives the
earlier 4 point result; the W il matrix is now a 2 × 2 matrix of the usual hypergeometri
integrals in (15) whose determinant is proportional to |J |.
5 The omplete amplitude and appliations
Together with the lassial ontribution, this expression may now be used to nd, for
example, the full amplitude for 4 fermion interations on arbitrary sets of four D-branes.
For example let us reap the urrent-urrent four fermion interation. First we ollet the
remaining ontributions together. These are
ghosts× 〈e−φ/2(0)e−φ/2(x)e−φ/2(1)e−φ/2(x∞)〉 = x
1
2
∞x
− 1
4 (1− x)− 14
〈e−ip1.Xe−ip2.Xe−ip3.Xe−ip4.X〉 = x2α′p1.p2(1− x)2α′p2.p3
〈eiq1.Heiq2.Heiq3.Heiq4.H〉cmp =
3∏
m
x
ϑm4 (1−ϑ
m
4 )−
1
4
∞ x
ϑm
1
ϑm
2
− 1
2
(ϑm
1
+ϑm
2
)+ 1
4 ×
(1− x)ϑm2 ϑm3 − 12 (ϑm2 +ϑm3 )+ 14 (112)
where the last piee is for the three ompatied tori fators only. The nal piee omes
from the unompatied part of the fermions and is hirality dependent. Assume that
the fermions are all of the same hirality. Then we have
q1,3 = (±1
2
,±1
2
, . . . .)
q2,4 = (±1
2
,∓1
2
, . . . .) (113)
Calling the rst two elements q˜i we get an additional fator
〈e−iq1.He−iq2.He−iq3.He−iq4.H〉non−cmp = xq˜4.(q˜1+q˜2+q˜3)∞ xq˜1.q˜2(1− x)q˜2.q˜3 = x−
1
2
∞ (114)
where we have imposed
∑4
i q
l
i = 0 for all l (note that
∑4
i ϑ
m
i = 2 ensures that this is
satised for the internal omponents), whereupon the fermions redue to the two spinor
omponents of left hirality elds as follows
q˜1 = −q˜3 = ±(1
2
,
1
2
)
q˜2 = −q˜4 = ±(1
2
,−1
2
). (115)
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Identifying the two ±possibilities with the Weyl spinor indies α of the fermions uα, we
see that in u
(1)
α u
(2)
β˙
u
(3)
γ u
(4)
δ˙
we have opposite αγ and β˙δ˙ indies whih we may write as
εαγεβ˙δ˙ = −2σµαβ˙σµδ˙γ (116)
giving the fermion fator u(1)γµu
(2)u(4)γµu(3). Adding the other fators above we nd that
dependene on ϑmi anels between the bosoni twist elds and the spin-twist elds giving
A(1, 2, 3, 4) = −gsα′(λ1λ2λ3λ4 + λ4λ3λ2λ1)
∫ 1
0
dx x−1−α
′s(1− x)−1−α′t 1∏3
m |J
m|1/2
× [u(2)γµu(1)u(4)γµu(3)]∑ e−Scl(x)
(117)
where |Jm| is the ontribution from the m′th internal omplex dimension, we have rein-
stated the Chan-Paton fators, and where s = −(k1+k2)2, t = −(k2+k3)2, u = −(k1+k3)2
are the usual Mandlestam variables.
5.1 Obtaining the (N − 1)-point amplitude from the N-point am-
plitude
Consisteny requires that the (N − 1)-point amplitude be obtainable from the N-point
amplitude as a limiting ase. Consider the set-up depited in gure 9. We an redue the
N-point amplitude down to an (N−1)-point amplitude as follows. Take a single prevertex,
xi say, and let it oalese with xi+1. Shifting a single prevertex of ourse potentially
adjusts the entire polygon. However we may keep side 12, that is f12, xed by readjusting
a and keep fN1 xed by readjusting b. All fj−1,j an then be kept xed by readjusting xj
upto side fi−2,i−1 and ontinuing after fi+1,i+2. This operation (whih is always possible)
oaleses fi and fi+1 by adjusting only the lengths of the three adjaent sides fi−1,i, fi,i+1,
fi+1,i+2, whilst leaving the rest of the polygon and all the angles unhanged.
The quantum ontribution in (111) should redue in the orret manner as two prever-
ties oalese like this, and indeed it does. The disussion is similar to the one loop losed
string diagram disussion of ref. [43℄, so we shall just desribe the salient points. In par-
tiular when two twist elds at xi and xj ome together we should reover an amplitude
onsistent with
σϑi(xi)σϑj (xj) ∼ (xi − xj)kijσϑi+ϑj−1 (118)
where kij is to be determined by equating the onformal dimensions on eah side. We nd
that kij = −(1−ϑi)(1−ϑj) when ϑi+ϑj ≥ 1 and kij = −ϑiϑj when ϑi+ϑj ≤ 1. We have
to verify that the amplitude yields the orret fators asymptotially. The basis of N − 2
Pohammer loops evolves into N−3 loops as two points oalese. When the two adjaent
points ome together the loal behaviour of ∂X is given by ω(z) ∼ z−(1−ϑi)(z−δ)−(1−ϑi+1)
where the rst prevertex we arbitrarily set to 0 and the seond to δ. One an hek, from
our expressions (52) for the Fi, that the ω ontour integrals around the loop trapped
between the two verties diverge as (xi−xi+1)ϑi+ϑi+1−1 if ϑi+ϑi+1 < 1 and are onvergent
otherwise. The opposite is true for the Ω′ integrals so that at oalesene, inluding the
divergent fators from |W |−1/2∏i<j(xi − xj)1/2, we have
〈
∏
j
σϑj 〉 ∼ (xi − xi+1)
1±1
2
(ϑi+ϑi+1−1)−ϑiϑi+1〈
∏
j 6=i
σϑj〉 (119)
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where we take a plus sign if ϑi+ϑi+1 ≥ 1 and minus if ϑi+ϑi+1 < 1, yielding the expeted
behaviour in (118).
The lassial ontribution to the amplitude an be dealt with in a similar fashion.
We denote by S¯cl, the lassial ation for the N -point amplitude with the identiation
xi = xi+1, and by S˜cl the ation we would expet for the (N−1)-point amplitude obtained
by redution from the N -point amplitude. This notation will also be employed in this
subsetion to distinguish other quantities between the two ases. We now show that
S¯cl = S˜cl.
For the (N − 1)-point ase obtained by redution from the N-point ase as depited
in gure 9, we have the following relations determined by the geometry of the parent
amplitude,
f ′j = fj ϑ
′
j = ϑj x
′
j = xj For j = 1, .., i− 1,
f ′j = fj+1 ϑ
′
j = ϑj+1 x
′
j = xj+1 For j = i+ 1, .., N − 1, (120)
and also,
f ′i = fi+1 = fi ϑ
′
i = −1 + ϑi + ϑi+1 x′i = xi+1. (121)
Using these expressions it is simple to dedue that I¯ = I˜ and furthermore,
I¯ ′
l¯m
= I˜ ′
g(l)g(m)
, l, m = 1, .., i− 1, i+ 1, .., N − 2,
I¯ ′i¯m = I¯
′
i+1,m
,
(122)
where,
g(k) =
{
k k = 1, .., i− 1
k − 1 k = i+ 1, .., N − 2. (123)
We also need to examine the global monodromy onditions in the N-point and (N − 1)-
point ases. For this we require the following easily obtained relations,
F¯ kj = F˜
g(k)
g(m), k, j = 1, .., i− 1, i+ 1, .., N − 2,
F¯ ij = F¯
i+1
j , F
k
i = 0.
(124)
Then, we an see that the monodromy onditions are the same in both ases with the
identiation,
c¯k = c˜g(k), k = 1, .., i− 1, i+ 2, .., N − 2,
c¯i+1 + c¯i = c˜i.
(125)
Finally, substituting (122) and (125) into our expression for S¯cl given in (33) we obtain S˜cl.
Hene the N-point amplitude redues to that of an (N − 1)-point amplitude as required.
5.2 Appliation: Higgs exhange and avour violation
The general 4-point amplitude is required where there are four independent branes. In
models whih reprodue the Standard Model (or supersymmetri variants thereof) the
relevant proesses are therefore qLqR → eLeR as shown in gure 10, and neessarily
involve 2 left and 2 right hirality elds.
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Figure 9: Reduing the N-point amplitude to the (N − 1)-point amplitude.
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Figure 10: t-hannel Higgs exhange as double instanton
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The higgs eld appears at the SU(2)-U(1) brane intersetion and so this proess is
the equivalent of t-hannel Higgs exhange in the eld theory limit. Indeed sine the
instanton suppression goes as e−Area/2piα
′
we expet to nd the produt of two Yukawas.
The amplitude should go as
YuYe
t−M2h
or the s hannel equivalent, and we shall shortly verify the appearane of the Higgs pole
and the orretly normalized Yukawas.
However it is also interesting to note that, merely as a result of geometry, there an be
signiantly larger ontributions than one would expet in eld theory. This is beause
the Higgs exhange involves the produt of two Yukawa ouplings. In our ase this would
only be the ase if the lepton brane was lying to the right of the intersetion (in the gure)
at whih the higgs is loated. Then the area of the 4 point instanton is indeed the sum of
the two Yukawa triangles, and the produt is what appears in the amplitude. If on the
other hand the lepton brane is lying to the left of the intersetion, the ontribution goes
like Yu/Ye and an be signiantly enhaned for low string sales. In the (unrealisti)
limit that the lepton brane is lying on top of the SU(3) brane in all sub-T2tori, there
is no Yukawa suppression at all in this proess. Note however that there should be an
overall stringy suppression as there is no eld theory limit and therefore no pole. Thus
one expets a ontribution like
Yu/Ye
M2s
We shall now show how this behaviour emerges from the amplitude. To antiipate the
alulation, when the situation is as in gure 10, the ation is minimized in the limit
x → 1 orresponding to the eld theory limit. In this limit we will reover the Higgs
pole with the required mass from the x-integral. If there is no Higgs intersetion then
the ation is minimized for nite 0 < x < 1. In the simplest ases we an use a saddle
point approximation as we did earlier to obtain an expression that goes as the area of the
polygon with a 1/M2s suppression as expeted. However generially suh a simple saddle
point approximation will not exist, and the τm parameters in eah sub-torus will take
dierent values. In this ase interesting avour struture an emerge.
In order to show how this behaviour arises we rst determine the amplitude. We
are interested in the operator (q
(3)
L q
(2)
R )(e
(1)
R e
(4)
L ) for whih the unompatied part of the
fermions now have harges
q˜1 = −q˜4 = ±(1
2
,
1
2
)
q˜2 = −q˜3 = ±(1
2
,−1
2
). (126)
We get slightly dierent fators from the urrent-urrent operator. In partiular
〈e−iq1.He−iq2.He−iq3.He−iq4.H〉non−cmp = xq˜4.(q˜1+q˜2+q˜3)∞ xq˜1.q˜2(1− x)q˜2.q˜3
= x
− 1
2
∞ x
q˜1.q˜2(1− x)q˜2.q˜3 = x−
1
2
∞ (1− x)− 12 . (127)
The additional half-integer power in the t-hannel looks unusual, but it will make sense
when we extrat the Higgs pole in the x → 1 limit. An additional dierene ompared
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Figure 11: Equivalent instanton ontribution to avour hanging
to the urrent-urrent ase is that partiles of one hirality take the opposite Weyl index
to that of the opposing hirality. Using Weyl notation, in u
(3)
α˙ u
(2)
β˙
u
(1)
γ u
(4)
δ we now have
opposite α˙β˙ and γδ indies whih (writing as εα˙β˙εγδ) just ontrats the qLqR and eLeR
fermions. The nal expression for the amplitude is (in four omponent notation) simply
A(1, 2, 3, 4) = −gsα′
∫ 1
0
dx x−1−α
′s(1− x)−1−α′t (1−x)−
1
2∏3
m |J
m|1/2
× [(u(3)u(2))(u(1)u(4))]∑ e−Scl(x) (128)
The lassial ation is given by (61) in terms of the dierent τ in eah sub-torus. It is
easy to show that when the diagram has an intersetion in a partiular sub-torus, as in
gure 10, the ontribution to the ation from that subtorus is a monotonially dereasing
funtion of x. Hene the sum of the ontributions is minimized by taking the limit x→ 1.
Assuming that 1− ϑ2 − ϑ3 > 0, the relevant limits are
Limx→1(τ) = −β
Limx→1(J) = (1− x)(−1+ϑ2+ϑ3) 1
γ
η(ϑ2, ϑ3)η(1− ϑ1, 1− ϑ4) (129)
where
η(ϑi, ϑj) =
(
Γ(ϑi)Γ(ϑj)Γ(1− ϑi − ϑj)
Γ(1− ϑi)Γ(1− ϑj)Γ(ϑi + ϑj)
) 1
2
(130)
The normalization of the amplitudes and Yukawas an be obtained in this limit as in
ref. [39℄. We take the limit where the 4-point funtion with no intersetion→ the 3-point.
The normalization fator for the general 4-point funtion is
2π
3∏
m=1
√
4π
γm
η(1− ϑm2 , 1− ϑm3 )
η(ϑm1 , ϑ
m
4 )
(131)
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and the Yukawas take the form found in ref [39℄;
Y23(Am) = 16π
5
2
3∏
m
η(1− ϑm2 , 1− ϑm3 )
∑
m
e−Am/2piα
′
(132)
where Am is the projeted area of the triangles in the m' th 2-torus. One we add
the intersetion the interior ϑ1, ϑ4 angles beome exterior and should be replaed by
1−ϑ1, 1−ϑ4 respetively. The onstraint on the interior angles is now ϑ1 +ϑ4 = ϑ2+ϑ3
beause of the intersetion. Looking at Limx→1(J) we see that this an be taken into
aount by adding an extra
√
η(1− ϑ1, 1− ϑ4)/η(ϑ1, ϑ4) = η(1−ϑ1, 1−ϑ4) fator to the
4-point amplitude. We then nd
S4 = α
′ Y23(0) Y14(0) e
−Scl(1)
∫ 1
0
dx (1− x)−α′t−
∑
1
2
(ϑm2 +ϑ
m
3 )
(133)
The ontribution to the lassial ation from eah sub-torus beomes
Scl(1) =
1
2πα′
(
sin πϑ1 sin πϑ4
sin(πϑ2 + πϑ3)
v214
2
+
sin πϑ2 sin πϑ3
sin(πϑ2 + πϑ3)
v223
2
)
(134)
Bearing in mind that the angle at the intersetion is π−πϑ2−πϑ3, we see that the result
is just the sum of the area/2πα′ of the two triangles. Finally the pole term now arises
from the x integral;
α′
∫ 1
0
dx (1− x)−α′t−
∑
1
2
(ϑm
2
+ϑm
3
) =
1
t−M2h
(135)
where (realling that 0 < ϑm2 + ϑ
m
3 < 1) we reognize the mass of a salar Higgs state in
the spetrum at the intersetion;
α′M2h = 1−
1
2
∑
m
(ϑm2 + ϑ
m
3 ). (136)
The opposite ordering of operators leads to the s- hannel exhange in the x → 0 limit.
The above disussion was arried out for interseting D6-branes, but it is straightforward
to translate it to other set-ups.
Having veried the expeted eld theory limits, we now turn to the more interesting
ase of stringy proesses that have no eld theory equivalent, where there is no Higgs
intersetion as in gure 11. Let us begin with a remark about the typial set-up. One
thing to notie about them is that the three generations of left-handed quarks live at
dierent intersetions in sub T2 tori where the right handed elds overlap, and vie versa.
We will refer to these tori as the left and right tori respetively. The Yukawa ouplings
are therefore fatorizable (sine it is the areas projeted in the T2 tori that appear in the
ation)
(Yq)ij = ωiω
′
j (137)
This is a problem for phenomenology sine there are two massless eigenstates. Clearly
the fatorizability remains in the above Higgs exhange proess, however generially the
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stringy 4-point ouplings indue terms that do not fatorize, and this an be an important
ontribution to the avour struture.
There have been attempts to overome the fatorizability problem diretly [48℄, how-
ever it may be that the neessary avour struture an be introdued by four point
ouplings. To see this onsider the ontribution to (qLiqRj )(qRj′qLi′ ) (where i, j, i
′, j′ label
generation) amplitudes that have a non-zero area in only one sub T2 torus (i.e. that
hange avour in either the left or the right-handed elds but not both). In the ase
that there is no intersetion the ation has a minimum and we an take a saddle point
approximation as we did previously and get simply the area/2πα′ of the four-sided poly-
gon. This trivial ontribution is proportional to Yij/Yi′j = ai/ai′ and is independent of
the right-handed eld. Hene suh ontributions annot hange the rank of the Yukawa
ouplings via radiative orretions. Fatorizability is ompletely removed however when
both left and right elds hange generation number beause now there are two oniting
ontributions to the lassial ation and the saddle point approximation no longer simply
gives the sums of areas in the sub tori. The one degenerate exeption that we saw earlier
is when the world-sheet instanton is exatly the same in both tori (i.e. when the polygons
in eah sub-tori are idential up to an overall saling). Note however that (sine there
are three generations) there must always be some avour hanging proesses whih are
neither trivial nor degenerate. This type of eet an be utilized to reate a more realisti
avour struture and will be investigated further in ref. [49℄.
6 Conlusion
In summary, we have analysed the N-point amplitude at tree level for open strings lo-
alised at D-brane intersetions. We were able to generalise the tehniques used for four
point amplitudes on restrited ongurations in refs. [40,39℄, to obtain both the lassial
and quantum ontributions to the general N point amplitude, inluding those ontribu-
tions that wrap the internal spae. We have also shown that for general N , the minimum
of the lassial ation is given by the sum of the polygon areas projeted in eah torus
subfator, when the non-zero polygons are idential up to an overall saling.
Our results are appliable to all orbifold, orientifold and toroidal ompatiations.
Orbifolds and orientifolds would require a modiation of the ounting over wrapped
polygons, but the leading ontributions would be the same.
General N = 4 ontat interations on four independent sets of D-branes were dis-
ussed, of relevane to proesses suh as qLqR → eLeR. This proess, depending as it does
on the geometry of the D-branes, has a purely stringy ontribution, as well as sensible
eld theory limit ontributions orresponding to s and t-hannel Higgs exhange. In the
former ase, the amplitude is of the form
Yq/Ye
M2s
whih should be ompared to the eld the-
ory ase
YqYe
t−m2h
. Thus at low string sales the stringy exhanges are potentially important.
Finally, we disussed the redution of the N-point amplitude down to the (N − 1)-point
amplitude.
These alulations provide a starting point for disussing general interations in in-
terseting brane models and hene understanding their phenomenology in more detail.
In addition they may prove useful in addressing questions to do with the possible in-
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trodution of a realisti avour struture in these models. Further proesses inluding
for example Higgstrahlung (whih is in priniple a 6 point diagram) an also be treated.
These issues will be disussed further in ref. [49℄.
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